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rk = b − Axk ﬂ5Eﬀ?"&ﬁDE-&ﬁ:;-F4ﬂdﬂ:ﬃ&4&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x0 ∈ Rn V<5Eﬀﬃﬀ;F
}3DS-T&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r0 = b−Ax0 7N5ﬂﬁ! d0 = r0






αk = ( rk | rk ) / ( dk |Adk )
xk+1 = xk + αkdk
rk+1 = rk − αkAdk
j1 ‖rk+1‖ / ‖b‖ < *< * ﬁ9j<b,/k
βk = ( rk+1 | rk+1 ) / ( rk | rk )







Sc = {x ∈ Rn | f(x) = c}.




Aξi = λiξi, i = 1, . . . , n,
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( di | dj )A = 0
ﬂ6
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r˜k = b˜ − A˜x˜k -4ﬂ.!FOﬂ6TV<:ﬃﬂ.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rk = b−Axk \ dk = T td˜k  sk = T t · Trk *H5:ﬃﬂDh/E5ﬀﬃﬂDS-5E!'ﬂ




t · Tr0 = s0,







= ( dk |Adk ) ,




= ( rk | sk ) / ( dk |Adk ) ,
xk+1 = T
tx˜k+1 = T
t(x˜k + α˜kd˜k) = xk + α˜kdk,
rk+1 = T
−1r˜k+1 = T
−1(r˜k − α˜kA˜d˜k) = rk − α˜kAdk,
β˜k = ( r˜k+1 | r˜k+1 ) / ( r˜k | r˜k ) = ( rk+1 | sk+1 ) / ( rk | sk ) ,
dk+1 = T
td˜k+1 = T










x0 ∈ Rn V<5Eﬀ;ﬀﬃF
}3DS-T&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r0 = b−Ax0 \ s0 = T t · Tr0 7N5ﬂﬁ! d0 = s0






α˜k = ( rk | sk ) / ( dk |Adk )
xk+1 = xk + α˜kdk
rk+1 = rk − α˜kAdk
j1 ‖rk+1‖ / ‖b‖ < *  * ﬁﬃj<b,/k
sk+1 = T
t · Trk+1
β˜k = ( rk+1 | sk+1 ) / ( rk | sk )
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)m ∥∥∥x˜0 − ̂˜x∥∥∥
eA
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‖x0 − xˆ‖ eA
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x0 ∈ Rn V;5Eﬀ;ﬀ;F
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r0 = b−Ax0 \;!#F4ﬂ5E:ﬃV;! Ms0 = r0 ﬁ795?ﬂ64! d0 = s0






α˜k = ( rk | sk ) / ( dk |Adk )
xk+1 = xk + α˜kdk
rk+1 = rk − α˜kAdk




β˜k = ( rk+1 | sk+1 ) / ( rk | sk )
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n = 100′000, 300′000, . . .
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n × n $*
S ⊂ {(i, j) ∣∣ 1 6 i, j 6 n, i 6= j}  ﬃ 1ﬃ! 13% *   ﬃE'$! !."3 $*52  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(i, j) ∈ S ⇐⇒ (j, i) ∈ S  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L = (lij)
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lij = 0
!
(i, j) ∈ S,
rij = 0
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(i, j) 6∈ S
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gij = 0 ,
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A)ij , (i, j) ∈ P,

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(i, j) ∈ P, i 6= j, |e<*jO~
(G˜A)ii = 1
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(d1, . . . , dn)
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i = 1, . . . , n
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Ji = {j
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P = {(i, j) ∣∣ 1 6
j 6 i 6 n, aij 6= 0} *  ﬁ$LDE!#>?:;5ﬀﬃﬂ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(x | y )A = (x |Ay ) = xt · A · y
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s?5!6#R;5E_5EﬀﬃDE-0 {z1, . . . , zn} V< Rn
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( zi | zj )A = 0
ﬂ6
i 6= j ﬁ zi 6= 0 ~V;FYﬃﬀ; 7ﬃDE!
z1 = e1,
zk = ek −
k−1∑
i=1
( ek | zi )A
( zi | zi )A
zi, k = 2, . . . , n.
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A = (Z−1)t ·D · Z−1 o 5E:;!#ﬀ;0-D%V<FO&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i = ei, i = 1, . . . , n
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= ( ai | ek )−
k−1∑
j=1
( ak | zj )
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A−1 = Z ·D−1 ·Zt V< A 	Dh/E4& T = D−1/2Zt \
ﬀ;5:ﬃﬂDh/E5ﬀﬃﬂ
TAT t = I
*
 




















































































j = 1, . . . , k − 1 \ o DS!#0ﬁ
j1





















(j, i) ∈ P ﬁ (j, k) ∈ P : zji = zji − tzjk
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zk(k) = Zkk = 1
ﬀ;5E5Eﬀ9ﬂ
J = Jk = {j
∣∣ (j, k) ∈ P, j 6= k}
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( zk |Azi ) = 0, i = 1, . . . , k − 1. |f!;* w~
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( zk |Azi ) = (Azk | zi ) = ( ak | zi ) +
p∑
l=1










( ajl | zi ) yl = − (ak | zi ) , i = 1, . . . , k − 1.
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(k − 1) × p Dh/4& bil = ( ajl | zi )
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c =
(c1, . . . , ck−1)
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k, k+1, . . . , n
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z1, . . . , zk−1
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B = Ztk−1 · A˜
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A˜y = −a˜k. |ﬁ!ﬃ* ?~
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Q = (q1, . . . , qp)
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(k − 1) × p /EF4!0Y9DSﬀ? Qt ·
Q = Ip
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rjl = ( a˜l | qj ) , j = 1, . . . , l − 1











Ry = −Qta˜k |ﬁ!ﬃ*h=O~
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Qt ·Q = I \
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, ϕ, ψ ∈ H1(U) ;
ﬃ6ﬀ&9ﬃ! 




, ϕ ∈ H1(U)
.







14 ' ,+!iT-ﬃ69"&+ 
|ϕ|1,U = ‖∇ϕ‖L2(U)m , ϕ ∈ H1(U).
Cw?  S %!19'	 R/2 +RP9<>
.
 $)
H10 (U) = D(U)
H1(U)

























C = C(U) > 0
{~xv vNxﬃa,y!x
‖ϕ‖ 6 C ‖∇ϕ‖L2(U)m

pHyu{~pHy{
ϕ ∈ H10 (U)

D? 1%6"ﬂ3$ '	 
.
 ,+4+ ]9 /!
U
 $ ﬀl< "ﬂﬃ6F]
.
1 / $+!TPﬃ6"ﬂ+ |.|1,U  S Uﬀ :6ﬃ? #ﬃ6"ﬂ+ ; :6" H10 (U)
FSI9:?!*)H1
.
 ,ﬃ-ﬀ RK ‖.‖1,U
 ﬀ
H10 (U)







(ϕ |ψ )1,0,U = (∇ϕ | ∇ψ )L2(U)m , ϕ, ψ ∈ H10 (U).
























	ﬀﬂﬁﬃ ﬁ"!#$ %ﬁ&' ()*&













]	'	 I9:?!wﬃ?  $ ﬀz

u(s`pﬁu(sJ%>1 F$)+!2/2 $ﬃ9ﬀD%6:!2 &I-: .  $ 
789ﬃ!'(ﬀ!*9ﬃ! /2 
L2(U)




 $ ﬀ / w+ $ &:6" 
ﬃP: .N.  B
  A :B: A10   ﬀZ XHxﬂGv*x(r _





D(U ) → L2(∂U)   ϕ 7→ ϕ|∂U rx  uﬂpHv*pﬁq O-x  zHuQﬂpﬁq!{es q!ys { ^0x,{nt9xq!r(s {Y^Qxq_yq xDz  vs ﬃ

















J:! 1M)ﬃ> .  "&FS : . ﬀ1Hﬀ#<!= ,ﬃ='9ﬃ6ﬃP: 
ﬁ
93 : A 0     9836: D ﬃ A ŁUA   3 AA   ﬀZ XMxEv*xr _























σ, 1 6 i 6 m,
p
n
















C1Qﬀ&"1' E%~ ,"ﬂ+ ﬀ/2 '$1ﬁ"1'(ﬀﬂF,"!N ' ,"
.




















H10 (U) = Kerγ0 =
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ϕ ∼ ψ ⇐⇒ ϕ− ψ ∈ F,
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Ŝ4 = (−1, 1,−1), Ŝ8 = (−1, 1, 1),
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K1 S1 S2 S6 S5 xˆ2  −1
K2 S2 S3 S7 S6 xˆ1 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K3 S3 S4 S8 S7 xˆ2 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K4 S1 S5 S8 S4 xˆ1  −1
K5 S1 S4 S3 S2 xˆ3  −1
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Ŝ5 + Ŝ6 + Ŝ7 + Ŝ8
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α1(t) = −1
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α1(−1) = 1, α1(0) = 0, α1(1) = 0,
α2(−1) = 0, α2(0) = 1, α2(1) = 0,
α3(−1) = 0, α3(0) = 0, α3(1) = 1,
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1 (xˆ) = α1(xˆ1)α1(xˆ2)α1(xˆ3), bϕ
(2)
10 (xˆ) = α3(xˆ1)α2(xˆ2)α1(xˆ3), bϕ
(2)
19 (xˆ) = α3(xˆ1)α3(xˆ2)α2(xˆ3),
bϕ
(2)
2 (xˆ) = α3(xˆ1)α1(xˆ2)α1(xˆ3), bϕ
(2)
11 (xˆ) = α2(xˆ1)α3(xˆ2)α1(xˆ3), bϕ
(2)
20 (xˆ) = α1(xˆ1)α3(xˆ2)α2(xˆ3),
bϕ
(2)
3 (xˆ) = α3(xˆ1)α3(xˆ2)α1(xˆ3), bϕ
(2)
12 (xˆ) = α1(xˆ1)α2(xˆ2)α1(xˆ3), bϕ
(2)
21 (xˆ) = α2(xˆ1)α2(xˆ2)α1(xˆ3),
bϕ
(2)
4 (xˆ) = α1(xˆ1)α3(xˆ2)α1(xˆ3), bϕ
(2)
13 (xˆ) = α2(xˆ1)α1(xˆ2)α3(xˆ3), bϕ
(2)
22 (xˆ) = α3(xˆ1)α2(xˆ2)α2(xˆ3),
bϕ
(2)
5 (xˆ) = α1(xˆ1)α1(xˆ2)α3(xˆ3), bϕ
(2)
14 (xˆ) = α3(xˆ1)α2(xˆ2)α3(xˆ3), bϕ
(2)
23 (xˆ) = α2(xˆ1)α2(xˆ2)α3(xˆ3),
bϕ
(2)
6 (xˆ) = α3(xˆ1)α1(xˆ2)α3(xˆ3), bϕ
(2)
15 (xˆ) = α2(xˆ1)α3(xˆ2)α3(xˆ3), bϕ
(2)
24 (xˆ) = α1(xˆ1)α2(xˆ2)α2(xˆ3),
bϕ
(2)
7 (xˆ) = α3(xˆ1)α3(xˆ2)α3(xˆ3), bϕ
(2)
16 (xˆ) = α1(xˆ1)α2(xˆ2)α3(xˆ3), bϕ
(2)
25 (xˆ) = α2(xˆ1)α1(xˆ2)α2(xˆ3),
bϕ
(2)
8 (xˆ) = α1(xˆ1)α3(xˆ2)α3(xˆ3), bϕ
(2)
17 (xˆ) = α1(xˆ1)α1(xˆ2)α2(xˆ3), bϕ
(2)
26 (xˆ) = α2(xˆ1)α3(xˆ2)α2(xˆ3),
bϕ
(2)
9 (xˆ) = α2(xˆ1)α1(xˆ2)α1(xˆ3), bϕ
(2)
18 (xˆ) = α3(xˆ1)α1(xˆ2)α2(xˆ3), bϕ
(2)
27 (xˆ) = α2(xˆ1)α2(xˆ2)α2(xˆ3).
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Q2
]
ﬃ!:! ;',ﬃ! ﬀ&"ﬂ:!2 9ﬃ! .  S n%>>!*ﬃ-ﬀ 
Si = F
(1)
T (Ŝi) ∈ T, 9 6 i 6 27.
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Q2(T̂ )
B
ed dc j n `~w`t q ,tr  rur~w`t  rs>t.t.w`n u.w qex?w
Qm
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K̂ = [−1, 1]× [−1, 1].
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Q1
Cx $ nﬃ:!/! #/2 
K̂
 9ﬃ9ﬀ; ' $ # &+4+ ﬀ ,]
Ĉ1 = (−1,−1),
Ĉ2 = ( 1,−1),
Ĉ3 = ( 1, 1),
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K ∈ τs,h /2 ﬃ:>/6 Z` &+4+ ﬀ ﬂ^ C1, . . . , C4 ]ﬃ6:> ;1M)9ﬃ! 
F
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Γs
] 1 . " 
K = T ∩ Γs  S Uﬀ;:6ﬃF . F,+ ,ﬃ-ﬀ
<?!N/2!N+ ,ﬃ! '!Nﬃ6ﬃ . /2 RﬀUOP%~ 
Q1
1M) $']/@? 1%6"ﬂ3$ Z
 
B*W 9^]
C1 = S5, C2 = S6, C3 = S7, C4 = S8.
ed d
 
j n `~w`t q ,tr  rur~w`t  rs>t.t.w`n u.w qex?w
Q2
Cx $ #ﬃ:!/6 #/2 
K̂
 &ﬃ-ﬀ; / S # 9+Q+ ,ﬀﬂ Z8)9!N"Z
 
BNW -^^]
Ĉi, 1 6 i 6 4,
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α1, α2, α3






 S 78ﬃ>'(ﬀ'!Nﬃ> /2 G<!19 / b/2 
Q2(K̂)
Z|/2 /2!N+ ,ﬃ! '!*9ﬃ
9
^[ ,?  L%6"!N+F $ﬃ-ﬀ#',+4+  :?!iﬀSB
ψ̂
(2)
1 (xˆ) = α1(xˆ1)α1(xˆ2), ψ̂
(2)
4 (xˆ) = α1(xˆ1)α3(xˆ2), ψ̂
(2)
7 (xˆ) = α2(xˆ1)α3(xˆ2),
ψ̂
(2)
2 (xˆ) = α3(xˆ1)α1(xˆ2), ψ̂
(2)
5 (xˆ) = α2(xˆ1)α1(xˆ2), ψ̂
(2)
8 (xˆ) = α1(xˆ1)α2(xˆ2),
ψ̂
(2)
3 (xˆ) = α3(xˆ1)α3(xˆ2), ψ̂
(2)
6 (xˆ) = α3(xˆ1)α2(xˆ2), ψ̂
(2)
9 (xˆ) = α2(xˆ1)α2(xˆ2).
9+4+F /61ﬃ! 
.
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S1, . . . , S27
/FS /!Noﬃ? ,ﬃ-ﬀ
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K = T ∩ Γs  S Uﬀ;:!ﬃ F . F$+F $ﬃ-ﬀ;<!N/!*+ ,ﬃ> /!Nﬃ6ﬃ? . /2 JﬀUOP%~ Q2 1M) S'ﬁ]/@? 1ﬁ%6"ﬂ3$ RZ   B*W 9^]
C1 = S5, C2 = S6, C3 = S7,
C4 = S8, C5 = S13, C6 = S14,
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a : H˜ × H˜ → R :6ﬃ? 78"ﬂ+F <! . !*ﬃ6FS1ﬃ!N"' 9]w'9ﬃ-ﬀ'!Nﬃ-:? P ,ﬀ 'B ,"'	!*ﬀ'!N) y ,ﬀ l ∈ H˜ ′ ZUs` xS
l : H˜ → R :6ﬃ R78"ﬂ+ . !Nﬃ6F$1!*" '9ﬃ9ﬀ!*ﬃP: M^(B 9ﬃ! /!2/F$"&9ﬃ! .  R%6"ﬂ< . 3,+ J7`1ﬃ!N< .  
	"ﬂ:6)> ,"
u ∈ H )F,"!*f>1ﬁﬃ-ﬀ a(u, ϕ) = 〈l, ϕ〉 % :6";ﬀ&:6ﬀ ϕ ∈ H. Z   B*WMX^
} E%6"&9< . 3,+ 1/6+F ,ﬀ:6ﬃ? E:6ﬃ?!NI-: J  . :ﬀ!*9ﬃb%!1" .  ;ﬀ&5!F,"ﬂ3,+ J/2 EC1HL-T&[N! . o"1ﬁ+ Z

B 9^(B
[=9ﬃ-ﬀ&"ﬂﬃ! '9+Q+ $ﬃ9ﬀl/2 S F . F,+ ,ﬃ-ﬀﬂ f>ﬃ!N / wﬀUOP%~ 
Qm
%T $"&+ ﬀ&ﬀ' $ﬃ9ﬀl/2 n"ﬂF$ &:!/6"' JZ
 
BNWSX9^
/2 +G1ﬁﬃ?!*3$"' =1ﬁ%!%6"&'56F. Ba:6"4:6ﬃ F . F$+F $ﬃ-ﬀ
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 
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?  S %>1'	 
V˜h,m = V˜h,m(Ω) =
{










T ∈ τh ]!ﬃ6ﬁﬀﬂﬃ! .  $ nﬃ:>/6 #/2 T
S
(m)




, 0 6 i, j, k 6 m.
RB!











ϕ (Sijk(T )) ϕ̂ijk ,
s` xS
ϕ













{Sijk(T ), 0 6 i, j, k 6 m} = {R1, . . . , RN} Z   BNW  ^
 ,ﬀ$]6% :6"







ϕl(Rj) = δlj , 1 6 j 6 N,
'?  S UﬀTPKMT/2!N"' 9]-% :!"




























 B !B Y69"&+D: . 1ﬁﬀ'!Nﬃ 7`1ﬃ!N< .  R1%6%6"ﬂ'56F 4Z`'$1/" RoF,ﬃ!F,"1 . ^ W 9X
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R1, . . . , RL
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Γ0
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H
 S Uﬀ[f6LF RK
0
B ﬃ! '!2/F,"ﬂﬃ! .  J &:! UT
 S %>1'	 
Vh,m = Vh,m(Ω,Γ0) =
{







 ,ﬀ . 10<!1 ' {ϕl}Ll=1
/2 
Vh,m
BR:6%6% 9 &ﬃ! nI-: 
Vh,m
 >!iﬀ[:6ﬃ  &:> ~TB $ &%!1' /2 
H
 ,ﬀ;"' $+Q% . 1 ﬃ> .  R%6"ﬂ< . 3,+ GZ
 
B*WMX^%!1ﬁ" .  %6"ﬂ< . 3,+ E7`1ﬃ!N< .  1ﬁ%6%6"ﬂ'56F
"ﬂ:6)> ,"
uh,m ∈ Vh,m )9F,"!if 1ﬁﬃ-ﬀ a(uh,m, ϕ) = 〈l, ϕ〉 %>9:6"#ﬀ&9:ﬀ ϕ ∈ Vh,m. Z   B  9^

























ξla(ϕl, ϕj) = 〈l, ϕj〉 , 1 6 j 6 L,









ξ = (ξ1, . . . , ξL)
t ∈ RL  ,ﬀ . 1+G1Hﬀﬂ"'!2'	 A = (ajl) /2 G/2!N+ ,ﬃ! '!*9ﬃ L × L  ﬀ .  
)> $'ﬀ' ,:!"
b = (b1, . . . , bL)
t /2 RL
/6Ff!ﬃ!2 n%!1"




bj = 〈l, ϕj〉 1 6 j 6 L. Z   B9^
C1 +G1ﬁﬀ&"!N' 
A
 $ ﬀR1%6%~ 
.
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Aξ = b
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r,pﬁq!{ q pHq _6pﬁ4pNO qx(r l  xr({|} %H}-tﬁs u&xRr(svNx

u&p ﬀ,v ,4x % up^rpﬁy!tHu&xDx(r({
u&pﬁy2XMx,u





















u = v − v˜0 ∈ H DpHyPrbﬂpﬁq6r(s`t&^,u&pﬁq6rbzHv*pﬁur4vNx  uﬂp ﬀ,v Gxz6XHxﬂpHqtHs {es`pHq6r





u ∈ H X(^,u(s  zﬁq!{ a(u, ϕ) = 〈l, ϕ〉 − a(v˜0, ϕ)  pHyu{~pHy{ ϕ ∈ H.
W    0 `- 
 





























uh,m ∈ Vh,m X6^,u(s  zHq>{ a(uh,m, ϕ) = 〈l, ϕ〉 − a(v˜0h,m , ϕ) ∀ϕ ∈ Vh,m.




bj = 〈l, ϕj〉 −
M∑
i=1











 d ' di ﬀWmbnEo.nLuhw n<mB~m
q2z8rwWuhw z8r 
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g, h : R × R3 × R × R3 → R  ﬀ
hs : R× R → R  &ﬃ-ﬀ/2 S #789ﬃ!'(ﬀ!*9ﬃ! b!Nﬃ-ﬀ&F,o9"ﬂ1< .  $ $B D% . :> ,] . 9"ﬂ ﬂI-: /61ﬁﬃ! .  D / S'ﬃ>/
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ajl = a(ϕl, ϕj) =
∫
Ω






g(ϕl,∇ϕl, ϕj ,∇ϕj) / x, Z   B -^
bj = 〈l, ϕj〉 =
∫
Ω
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T ∈ τh B  :6+4F,"ﬂﬁﬀﬂﬃ! . '$1 .  ,+ ,ﬃ-ﬀ S1(T ), . . . , SI(T ) .  S 	ﬃ:>/6 /2 [' ﬀ F . F,+ ,ﬃ-ﬀ$]H1M)> $'
I = (m+1)3
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αT : {1, . . . , I} −→ {1, . . . , N}
/6Ff!ﬃ!= %!1"
Si(T ) = RαT (i), 1 6 i 6 I.
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ϕSi(T ) = ϕαT (i), 1 6 i 6 I.
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g(ϕSk(T ),∇ϕSk(T ), ϕSi(T ),∇ϕSi(T ))
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h(v,∇v, ϕSi(T ),∇ϕSi(T ))
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C1(K), . . . , CJ(K)
]
J = (m + 1)2
]
.
 $ ﬃ:!/! /2 '	 ,ﬀ F
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 /2 $ nﬃ:!/6 
αK : {1, . . . , J} −→ {1, . . . , N}, Cj(K) = RαK (j), 1 6 j 6 J.
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aij = bi = 0
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1 6 i, j 6 L
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a:6"
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x = FT (xˆ)
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f l1 = −2(ω ∧ ul)1 = 2ω3(ul2 sinα− ul3 cosα),
f l2 = −2(ω ∧ ul)2 = −2ω3ul1 sinα,
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ul1 ◦ FT ∈ Q2(T̂ )
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ul2 ◦ FT ∈ Q2(T̂ )
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ul3 ◦ FT ∈ Q1(T̂ ) ⊂ Q2(T̂ )
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(∇uli) ◦ FT = 27∑
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δt = 1
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ν3 = 2.5 · 101 D ν1 = 109 D
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x0 ∈ Rn "Eq Id1P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xk+1 = xk + αkdk,
+*
αk
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α
D
f(xk + αdk) =
α2 ( dk |Adk ) + 2α((Axk | dk )− ( b | dk )) + (xk |Axk )− 2 ( b |xk ) + ( b | xˆ ) DB   
αk =
( rk | dk )












dk+1 = rk+1 + βkdk,
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βk = − ( rk+1 |Adk )
( dk |Adk ) .
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rk+1 = rk − αkAdk %
ﬀ; #
( rk+1 | dk ) = 0 %
ﬀ; #
( rk | dk ) = ( rk | rk ) %y$  ﬀbWw2Łw αk = ( rk | rk )( dk |Adk )
%
ﬀ ﬂ4#
( rk+1 | rk ) = 0 %
ﬀﬃﬂ #
βk =
( rk+1 | rk+1 )
( rk | rk )
%
ﬀﬃﬂ #




( ri | ri )

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r%!t
rk+1 = b−Axk+1 = b−A(xk + αkdk) = rk − αkAdk A
rf!#!tQxy		$"
αk =
( rk | dk )
( dk |Adk )
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( rk | dk ) = ( rk | rk + βk−1dk−1 ) = ( rk | rk )+βk−1 ( rk | dk−1 ) (ii)= ( rk | rk ) .
r%!5J
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( dk |Adk ) = ( rk + βk−1dk−1 |Adk ) = ( rk |Adk )+βk−1 ( dk−1 |Adk ) = ( rk |Adk )
ﬀ
( dk | dk−1 )A = 0
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I$1q ﬁ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2"A1>b!51'!WD
( rk+1 | rk ) (i)= ( rk | rk )−αk (Adk | rk ) (iii)= ( rk | rk )
(
1− ( rk |Adk )








k (rk − rk+1)
9
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βk = − ( rk+1 |Adk )
( dk |Adk ) =
( rk+1 | rk+1 − rk )
αk ( dk |Adk )
(iv)
=
( rk+1 | rk+1 )
αk ( dk |Adk )
(iii)
=
( rk+1 | rk+1 )



















( ri | ri )
(v)




































  8#0 8  ﬀ - ﬀ 8 ; ( ﬃ
ﬀ #  
i > j
%yŁﬀ





ﬀ1?ﬀb 1 'Oﬀ3ﬀ _ﬀ/%m!WA "A
( ri | rj ) = 0 b i 6= j 
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( di | dj )A = 0
b
i 6= j 











( rk+1 | dj ) = 0,
rf!#!;:t
( rk+1 | rj ) = 0,
r%!=!#!;:t
( dk+1 | dj )A = 0,
Hv1
0 6 j 6 k
A
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( r1 | d0 ) = ( r1 | r0 ) = 0 H=ﬀ_4 H
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( d1 | d0 )A = 0
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( rk+1 | dj ) = 0 DGHv1 0 6 j 6 k A L




0 6 j 6 k − 1 {







( rk+1 | rj ) = 0 DLH=
 0 6 j 6 k A L




0 6 j 6 k − 1 D2
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1 6 j 6 k − 1 D






( dk+1 | dj )A = 0
DvH=







0 6 j 6 k − 1 D211NJ1
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2r0, . . . , A
m−1r0
A
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rj , dj ∈ Km Hv1 0 6






rj ∈ Km Hv1 0 6 j 6 m− 1 A3L

















rj ∈ Km ⊂ Km+1 DGHv1 0 6 j 6 m − 1 "$ DLH145
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dj ∈ Km Hv1
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xm ∈ x0 +Km %
ﬀ; #
x˜m := xm−x0 bbGŁ  @ * Wwﬀ A b 
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‖xm − xˆ‖A = minx∈x0+Km ‖x− xˆ‖A .
>^A =AL45p 0	$"("hxyiﬃ"0p2i("J ﬂ
  3 v/J"yHv!5 )rf!t
"Eq LJB!" EAeFC"a%" D
x1 = x0+α0d0 = x0+α0r0 ∈ x0+K1
" o'!
xm ∈ x0 +Km Dvﬀ45 xm+1 = xm + αmdm ∈ x0 +Km+1 DO dm ∈ Km+1
" 
















x˜m = xm−x0 " ?4hH
ﬁ  "Eb ! Am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8=ﬀ4"I" xˆ−x0 @
 Km {
((xˆ − x0)− x˜m) = (xˆ− xm)⊥AKm AMﬀI1@(" 
‖xm − xˆ‖A = ‖(xˆ− x0)− x˜m‖A = minx˜∈Km ‖(xˆ− x0)− x˜‖A = minx∈x0+Km ‖x− xˆ‖A

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em = xm − xˆ %uOhﬂ1
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Km = 〈r0, Ar0, . . . , Am−1r0〉 = {q(A)r0 | q ∈ Pm−1}
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Tk+1(x) = 2xTk(x)− Tk−1(x), k > 1.
}4J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Tk(cos Θ) = cos(kΘ),
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Θ ∈ R " & @
  k > 0 ABeF "a%" "{Cﬀ: " &JB!5" oHv








cos(α+ β) + cos(α− β) = 2 cosα cosβ,





























































































max−16x61 |Tk(x)| = Tk(1) = 1 Ac>!1'!;D`$	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maxa6x6b |Pk(x)| 6 maxa6x6b |P (x)| D
H=
? @2  P ∈ P1k
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maxa6x6b |Pk(x)| > maxa6x6b |P (x)| A
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0 6 j 6 k − 1 Ay]F"sH
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4511("!\ ﬁ '!5Tr "  ‖e1‖A = 0
to{
x1 = x0 + α0d0 = x0 +
( r0 | r0 )
( d0 |Ad0 )d0
= x0 +
( r0 | r0 )
( r0 |λr0 )r0 = x0 + λ
−1(b−Ax0)













‖em‖A = minq∈Pm−1 ‖(1−A(q(A))e0‖A = minp∈P1m
‖p(A)e0‖A .
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‖p(A)e0‖2A = ( p(A)e0 |Ap(A)e0 ) =
n∑
i,j=1























































= 1 + 2η > 1
AGxy		6"DCH1h453)"4 !
rW>hAt$D






















1 + 2η +
√




























































































y = −1+2(x−a)/(b−a) D!%"J>!G"4;: ! &"@J44" [a, b] @
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Pn(1) = 1 
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2  x =
2
2n+ 1
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(x − 1)n "h	-
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x2 − 1)n}  m−n−1
xm−n−1
{(
x2 − 1)m}  x
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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x2 − 1 + 1) (x2 − 1)n−1  x
= −2n (In + In−1) ,
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(Pj |Pj ) , 0 6 j 6 n,
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αn−1 = −n/(n + 1) "  αj = 0 DM/!
j 6= n− 1 A
>!\ 
j < n − 1 An/J"6Hv45p 0	$" xPj(x) "Eq ^" "8ﬁ!2RS'!"1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(xPn |Pj ) = (Pn |xPj ) = 0.
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(xPn |Pn−1 ) = (Pn |xPn−1 ) = (Pn |Pn )βn
" 
αn−1 = − (2n+ 1) (xPn |Pn−1 )






















(x − xj) (  Q(x) = 1 '! m = 0).
/J"IH=4p 0	$"
Q(x) ·Pn(x) $1 "@J"Iﬀ45M4"I	K	$"`'!8("c@
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21







































−1 < x(n+1)1 < x(n)1 < x(n+1)2 < x(n)2 < . . . < x(n+1)n < x(n)n < x(n+1)n+1 < 1.
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n− 1 DC   























Pn+1(1) = 1 > 0, Pn+1(x
(n)
n ) < 0, Pn+1(x
(n)





























































































n > 0 
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1 6 k, j 6 n
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x, 1 6 k 6 n.
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= 0, j > 1,
















ﬂNﬀ      "`A1} ﬁ8ﬁﬀ '!5_
	'!("
>!1'!;D1" r "oA 7t+"$ cNJ"6r "oA tbD
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x1, . . . , xn
"$ 
rn = f − fn A$
H
Hv@=
f ∈ P2n−1 9Gﬀ45 rn ﬀH
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Fn ∈ P2n−1 J'!d= 
Fn(xk) = f(xk), F
′
n(xk) = f

















Fn,1(x)− Fn,2(x) = (x− x1) . . . (x− xn)Q(x),
+*
































h˜′k(xj) = δkj ,
r1"oAﬂﬂEt
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xk − xj , 1 6 k 6 n,
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n− 1 "$ IJ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hk(x) = sk(x) (Lk(x))
2
,





















sk(x) = 1− 2L′k(xk)(x − xk)
" 
s˜k(x) = x− xk 

(" 
hk(x) = (1− 2L′k(xk)(x− xk)) (Lk(x))2 ,
h˜k(x) = (x− xk) (Lk(x))2
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x ∈ [−1, 1] $







pin(x) = (x− x1) . . . (x − xn)  ξ = ξ(x) ∈ [−1, 1] 
     -!\P21
x0 ∈ [−1, 1] " ?@
H
Hv@1 x0 6= xj D 1 6 j 6 n rw'!
 E(x0) = 0
" b!4BC: p+6!G"Q~^Rw!)"Et$A
/n-RS=b '!5

















































f (2n)(ξ)− f(x0)− Fn(x0)
(pin(x0))
2 · (2n)! = 0.
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∣∣∣∣∣∣ 6 1(2n)! maxξ∈[−1,1]
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 Jn(f) %BŁ 0$ﬀb-2Ł5I 1ﬀ@;2@














∣∣∣∣ 6 22n+1(n!)4(2n+ 1) ((2n)!)3 maxξ∈[−1,1]
∣∣∣f (2n)(ξ)∣∣∣ .





















































































































P0(x) = 1, P
′
0(x) = 0,














4 − 154 x2 + 38 , P ′4(x) = 352 x3 − 152 x.
/J"8ﬁH
i("E?("



























































































































































































1 x1 = 0 a1
 2 E 6 1/3 ·M1
2 x1 =
p
1/3 ≈ 0.57735 a1
 1 E 6 1/135 ·M2
x2 = −
p
1/3 ≈ −0.57735 a2





3/5 ≈ 0.77460 a1
 5/9 ≈ 0.55556 E 6 1/15750 ·M3
x2 = 0 a2





3/5 ≈ −0.77460 a3
 5/9 ≈ 0.55556
4 x1 ≈ −0.86114 a1 ≈ 0.34786 E . 2.8795

− 07 ·M4
x2 ≈ −0.33998 a2 ≈ 0.65215
x3 ≈ 0.33998 a3 ≈ 0.65215
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